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The present studyattemptsanumerical investigationof thecomplex � ow� eld thatoccurs when an underexpanded
jet collides against a solid surface. Numerous examples of this problem can be found in the aerospace industry
(e.g., rocket test stands, multistage separation). A simpli� ed geometry, already employed in previous experimental
inquiries, was chosen as a test case: an underexpanded, axisymmetric, air jet impinging on a � at plate at varied
angles. The three-dimensional Navier–Stokes equations were solved by means of a second-order-accurate Roe-
type algorithm with a generalized grid formulation.The computationaldomain includes the convergent–divergent
nozzle and the external � eld. The numerical results show various jet-shock and shock-shock interactions and
compare very well with experimental data, including shadowgraph pictures and both location and values of the
peak pressures on the inclined plate. This investigation focused on performing a thorough comparison between
experiments and simulations, thereby establishing some level of con� dence in the accuracy and reliability of
the numerical tool developed, CHEM. CHEM can accommodate more complicated and realistic geometries and
physical conditions than those encountered in this study: with further re� nement and validation it can be used for
rocket plume and plume/solid surface interaction simulations, both on the ground and in � ight.

Nomenclature
A j = area of the j th face, m2

Ci = i th cell number
e0 = gas total energy, J/kg
i, j, k = unit vectors for a Cartesian frame

of reference (x; y; z)
n = unit vector normal to a control surface
PR = pressure ratio, pe=pa

pa = ambient pressure, 101,325 Pa (1 atm)
pc = chamber pressure, Pa
pe = nozzle-exit pressure, Pa
Q = conservativevariables
qp = primitive variables
Ri = residual for cell i
RN = nozzle-exit radius, m
S = boundary surface for a control volume
S = inviscid � ux vector in Navier–Stokes equations
Sv = viscous � ux vector in Navier–Stokes equations
s = distance from the axis measured up on the plate, m
T = temperature, K
u, v, w = gas velocity in i, j, k directions, respectively,m/s
u = gas velocity vector, m/s
V = volume, m3

W = source term vector in Navier–Stokes equations
x , y, z = Cartesian body axes, m
±i j = Kronecker tensor
±r = displacementvector
2 = energy � ux term in the energy transport

equation, J/m2 ¢ s
¸ = conduction coef� cient, J/s ¢ m ¢ K
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¹ = viscosity coef� cient, kg/s ¢ m
½ = density, kg/m3

¿ = stress tensor, kg/s2 ¢ m

Introduction

T HERE have been numerous studies on supersonic impinging
jets, mostly driven by industrial applications. The impinge-

ment of a supersonicjet on a � at plate,which is either perpendicular
or inclined to the jet axis, occurs in the rocket test-stand environ-
ment, during launch, multistage separation, and lunar and plane-
tary landing and takeoff, for example. The supersonic impinging
� ow is composed of both supersonic and subsonic regions, shock-
shock interactions, and wall/jet boundary layers. Moreover, high-
temperature effects and chemical reactions could be important in
some regions of the � ow behind some of the strong shock waves
and in the boundary-layerregions. Overall, it is a great challenge to
fully understand the physics of these � ows and correctly predict the
heat and pressure loads on the impinging plate.

Previous work has concentratedon experiment and limited theo-
retical analysis. Gummer and Hunt1 conducted experimental and
theoreticalstudieson the impingementregionproducedby directing
a uniform, axisymmetric, supersonic air jet onto a large, � at plate.
Using the polynomialapproximationand integral relationsmethod,
they obtained good agreement with experiment at higher jet Mach
numbers,but accuracywas much reducedat lower values.They also
found that the � ow pattern varies with nozzle-to-plate distances.
Kalghatgi and Hunt2 studied the phenomenonof stagnationbubbles
and conditions under which they occur. Lamont and Hunt3 then
investigatedhow the plate inclinationangle affects � ow pattern and
pressure load on the plate.

With recent advances in high-performancecomputing,numerical
simulation of these complex impinging � ow� elds is now possible.
Kitamura and Iwamoto4 conducted a numerical simulation of su-
personic impinging jets exhausting from a convergentnozzle, using
a total-variation-diminishing-type � nite difference code. Their re-
sults show goodcomparisonwith experimentand also captured� ow
separation bubbles at certain nozzle-to-plate distance. The present
authors5 also carried numerical studies of the impingement on the
perpendicular plate, and they simulated and analyzed the shock
structures with varied nozzle-to-plate distances. They showed that
a stagnation bubble exists only for certain nozzle-to-plate distance
cases because of the effects of shock-shock interactions.They also
showed that high temperaturescan have a signi� cant effect on shock
structures.
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As a logical extension of the previous study, the present investi-
gation is focused on the inclined jet impingement, which exhibits
distinctive and more complex features than the perpendicular jet
impingement.6 The maximum pressure on the inclined plate can be
several times larger than that on the perpendicularplate because of
thecomplexshock-shockinteractionspresent.Moreover,the stagna-
tion bubblecan disappearwhen the plate angle decreases.The study
by Lamont and Hunt3 presented extensive experimental measure-
ments of impingement on inclined plate with varied angles, which
will be compared with numerical simulations. The present investi-
gation will also provide analysis and explanations of the complex
shock structures, thanks to the availability of detailed simulations.

The overall goal of this study is to perform a thorough com-
parison between experiments and simulations, thereby establishing
some levelof con� dencein theaccuracyand reliabilityof thenumer-
ical tool developed,CHEM. The geometry and physical conditions
employed in the experiments have been reproduced in the simula-
tions (namely, the impinging plate is � at and the � uid is cold air).
However, CHEM can accommodate more complicated and realis-
tic geometries and physical conditions than those encountered in
this study: with further re� nement and validation it can be used for
rocket plume and plume/solid surface interaction simulations, both
on the ground and in � ight.

Governing Equations
The governing equations are expressed in integral form for � ow

in an arbitrary control volume V, closed by a boundary S:
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The unit vector n is normal to the in� nitesimal area dS and points
outward.

When ideal-gas� ow is considered,thevectorW is notpresent,and
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where
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The pressure p is related to the conserved variables Q by means
of the thermal equationof state. The stress-tensorcomponents¿ are
expressed as
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The indices i and j refer to the x , y, and z space directions and ve-
locitycomponents.The heat � ux vectorq is modeledusingFourier’s
law:

q D ¡¸rT (5)

The temperature T is related to the conservedvariablesQ by means
of the caloric equation of state. The viscositycoef� cient ¹ and con-
ductioncoef� cient¸ are usuallyevaluatedby means of Sutherland’s
law, at least for temperatures lower than 1000 K.

Numerical Formulation
To perform a numerical simulation, the governingequations pre-

sented in the preceding section must be discretized. Here, the � -
nite volume technique is used as the discretization approach, tak-
ing advantage of the integral form of the governing equations.
The current formulation is designed to utilize hybrid (generalized)
grids,7 although the grids employed for now are structured. In the
present study the cell-centeredapproach is used for storing the con-
served variables and for the subsequent solution procedure. The
cell-averaged � ow variables at the cell centers are calculated as an
integral average:

Q.Ci / D 1
Vi

Z

Vi

Q.x; y; z/ dV (6)

where Vi is the cell volume. Then, the governingequations[Eq. (1)]
for a cell with volume Vi can be written as
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where F represents S ¡ Sv for simplicity.
A spatially discretized form of Eq. (7) is
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In the preceding equation the indices i and j denote the cell and
face numbers, respectively,and ki is the total number of faces of the
i th cell. The second term on the left-hand side of Eq. (8) represents
the � ux for the i th cell.

The inviscid � ux crossing a cell face is calculated as the exact
solutionof an approximateRiemannproblem.8 The formsuitablefor
chemically reacting � ow problemshas been developedby Cinnella9

and is employed in the current study. To avoid numerical instability
problems that sometimes accompany this family of schemes, an
adaptive Riemann � ux is employed, as suggested by Quirk.10 This
technique switches to a slightly more dissipativebut stable Harten–

Lax–van Leer–Einfeldt (HLLE) (see Ref. 11) scheme in regions
near strong shocks. The HLLE � ux is switched on for any cell
within eight cells downstream of a suf� ciently strong shock, using
an iterativemethodappropriateforgeneralizedgrids.A strongshock
is detectedwhen the pressure jump across the shock exceeds a user-
de� ned factor. (A value of three was used for this study, and it was
found that the adaptiveRiemann � ux only plays a role in the highest
pressure ratio impingement cases.) More details on this adaptive
Riemann solver for generalized grids are given in Ref. 12.

A second-order scheme is used in the current simulations. The
primitive � ow variables qp D [½; u; v; w; p]T are assumed to be
distributed linearly within each cell, and the linear distribution is
reconstructed from the cell-averaged values. During the solution
process, the � ow variables at a cell face are extrapolated from the
cell-averagedvalues using a linear reconstructionprocedure.13

The piecewise linear reconstruction of the primitive variables is
done using a Taylor-series expansion:

qp.x; y; z/ D qp.xi ; yi ; zi / C rqp.xi ; yi ; zi / ¢ ±r C O[.±r/2] (9)

where rqp is the gradient of the primitive variables qp and ±r is
the vector from the center of the cell .xi ; yi ; zi / to the desired point
.x; y; z/. The gradient of qp at the cell center is estimated using
a least-squares technique that has been described elsewhere.14 To
remove nonphysical values near regions of high solution gradients
and preserve monotonicity, a limiter function has to be applied to
rqp . The current study employs Venkatakrishnan’s limiter.15

After discretization, the cell governing equations can be written
as

d

dt
Q i D Ri (10)
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where the steady-state residual Ri is given by the expression

Ri D 1
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³
Vi Wi ¡

kiX

j D 1

Fi j ¢ n j A j

´
(11)

A backward Euler method is used for temporal discretization.The
Newton method is employed to solve the nonlinear fully discretized
equations,and the resulting linear system is solved using a symmet-
ric Gauss–Seidel approach.The code CHEM has been developedto
implement the precedingnumerical schemes and has been recently
validated.5;16

Geometry and Grids
The nozzle geometry used to produce both experimental and nu-

merical results is a 15-deg half-angle, conical-type nozzle, as il-
lustrated in Fig. 1. This nozzle consists of a circular contracting
contour of 5.12 throat radii followed by a circular expansion con-
tour of 2 throat radii. The throat radius is 10.7 mm with an exit
radius of 15 mm.

The axisymmetric simulations are handled by building a “pie-
slice” grid, formed by rotating a two-dimensional grid by 5 deg,
forming one cell in the circumferential dimension, as illustrated
in Fig. 2. Re� ecting boundary conditions are used to enforce ax-
isymmetry at the circumferential boundaries. For the cases where
the plate angle departs from 90 deg, axisymmetry is lost, and a
full three-dimensionalgrid is required (although a symmetry plane
is used to reduce the problem size by a factor of two). For these
cases a body of revolution (O-style) grid is used for coarse meshes,
whereas an H-style grid is used to remove the centerlinedegeneracy
for re� ned meshes, yielding more ef� cient and accurate solutions.
As seen in Fig. 3, the grid degeneracy can frustrate numerical ac-
curacy by unproductivelypacking cells near the axis; H-style grids
correct this problem.

Boundary Conditions
A boundarycondition is speci� ed at the inlet of the nozzle,where

pressure, velocity, and density are � xed. A slip boundary condition
is used at the lip of nozzle, and an ambient co� ow with Mach num-
ber 0.01 is introduced above the nozzle lip. Both slip and nonslip

Fig. 1 Experimental nozzle geometry.

Fig. 2 Example nozzle grid for two-dimensional simulations.

boundary conditions have been used for the nozzle wall: the shock
structures are almost the same for the two different boundary con-
ditions. A slip boundary condition is used on the plate when the
plate is inclined to the jet plume because the viscosity should play
little role when the bubble no longer exists, as shown in Ref. 3. A
nonre� ecting characteristic variable boundary condition is applied
on the far-� eld boundary. As already mentioned, only half of the
� ow� eld is simulated by exploiting symmetry.

Results and Discussion
For each class of impingement problem, several candidate cases

were studied to determine grid convergence. In all cases we found
that results on coarse grids matched well with � ner grid solutions.
In some cases, when the grid was suf� ciently re� ned, it became
dif� cult to obtain a steady-state solution. We attribute this problem
to the fact that unsteady behavior was observed in the experimen-
tal results, as documented in Lamont and Hunt.3 There are three
principal sources of unsteadiness in these simulations: 1) a low-
frequency oscillation (1–10 Hz), caused by the repeated formation
and dispersalof a stagnationpoint recirculationbubble; 2) standing
waves formed between the plate and any parallel surface,which can
cause unsteadiness; and 3) large pressure � uctuations (caused by
Hartmann resonance), caused by a re� ection between the plate and
the plate shock. In numerical simulations we have observed both
sources 1 and 3. It is likely that the use of characteristic boundary
conditionsfor theco� ow regionhelps to preventunsteadinesscaused

Fig. 3 Cross sections of three-dimensional grids.

Fig. 4 Shock nomenclature: A, upper triple point; B, lower triple
point; C, intermediate triple point; 1, jet shock; 2, upper-tail shock;
3, upper plate shock; 4, lower plate shock; 5, lower-tail shock; 6,
intermediate-tail shock; and 7, jet edge. Also shown is plate angle µ
(from Lamont and Hunt3).
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by standing waves, as in source 2. To avoid unsteadiness in simula-
tions, we selected grids suf� ciently � ne to resolve � ow features but
coarse enough to disperse unsteady modes of behavior. The appro-
priate grid was obtained from re� nement studies for select cases.

In problems involving complex shock interactions, such as jet-
impingement cases, it is dif� cult to ascertain when a steady-state
solutionis reached.Because of the natureof these problems,a slight
variation in shock location can prevent numerical residuals from
converging even after an effective steady-state solution has been
reached. To identify these conditions, comparisons between shock
structures over a course of hundreds of iterations is used. If the
shock locations do not move after large numbers of iterations, the
simulation is considered to be in steady state. This criterion was
used for all of the results presented here.

a) Plate angle = 90 deg

b) Plate angle = 80 deg

c) Plate angle = 70 deg

d) Plate angle = 55 deg

e) Plate angle = 35 deg

f) Plate angle = 30 deg

Fig. 5 Comparison of plate pressure distributions for zNP = 2DN and PR = 1.2.

The distance between nozzle exit and the center of the plate (zNP)
is chosen as 2.0DN and 3.0DN , where DN is the nozzle-exit dia-
meter. The minimum and maximum of the angles µ that the plate
makes with the nozzle are 30 and 90 deg, respectively.The cold air
jet is channeled from a high-pressure reservoir into the atmosphere
and impinges on the � at plate. The ratio PR between nozzle-exit
pressure pe and ambient pressure pa is either 1.2 or 2.

To facilitate the discussion of current simulation results, Fig. 4
shows a sketch, taken from Lamont and Hunt,3 explaining the
nomenclature for the most common shock intersections. The fol-
lowing discussions will refer to this sketch. The numerical simula-
tion results with different impingementdistancesand exit pressures
obtained from CHEM will be analyzed and compared with experi-
mental data.
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a) Plate angle = 85 deg

b) Plate angle = 70 deg

c) Plate angle = 35 deg

d) Plate angle = 30 deg

Fig. 6 Comparison of symmetry plate Mach-number contours for zNP = 2DN and PR = 1.2.

For zNP D 2DN , PR D 1.2, the pressure distributions in the plane
of symmetry are shown in Fig. 5 for various values of µ . Mach-
number contours are shown in Fig. 6. Here and in the following, s
is the distance from the jet axis measured along the plate. Overall,
the agreementbetween presentsimulationand experimentaldata3 is
good. The discrepancy lies mainly in the peak pressure magnitude,
probably as a result of insuf� cient grid resolution around the upper
triple shock point.

At µ D 90 deg, as analyzed by Wu et al.,5 a recirculation bubble
exists caused by the nozzle shocks, but by µ D 80 deg (see Fig. 5b)
the distribution of pressure has changed dramatically. The bubble
has disappeared,and the peakpressurehas increasedto about0.5pc,
from the earlier value of 0.3pc. In general, the peak pressure occurs
where the stagnationstreamline intersectswith the plane of symme-
try. Thus from the location and the magnitude of the peak pressure,
one can deduce at which side the stagnation streamline passes the
upper-tail � ow. Lamont and Hunt3 have shown that the streamline
passing through the intersection of the tail shock with the jet edge
has a total pressure of 0.56pc, larger than the peak at µ D 80 deg,
which implies that the stagnation streamline passes away from the
upper-tail � ow. At µ D 70 deg the peak pressure increases to 0.65pc,

which implies that the stagnation streamline has moved into the
upper-tail � ow and originated a little away from the upper triple
point and been brought to a subsonic value by a strong subtail plate
shock. Decreasingµ to 60 deg, much remains the same, but the peak
pressure increases to about 0.75pc .

The peak pressure decreases at µ D 55 deg, and the shape of the
pressure distributionsremains unchanged until µ D 35 deg, where a
small hump starts to develop around the axis. From the reconstruc-
tion of the upper-tail � ow at µ D 35 deg using the Lockheed plume
program,3 it is concluded that a new triple point forms within the
upper-tailshock,as a result of the interactionof a weak leadingplate
shockand a weak tail shock propagatingfrom the upper triplepoint.
The inner secondary tail � ow turns into a supersonic jet embedded
between two subsonic � ows and causes the pressure hump around
the axis.

At µ D 30 deg, a new shock pattern occurs, as shown in the Mach
contours at the plate of symmetry (compare Fig. 6d with Fig. 6c).
The upper triple point has disappeared and has been replaced by
a same-family con� uence between the jet shock and the leading
plate shock, these two combining into a weak upper plate shock,
which then forms an intermediate triple point. The intermediate-tail
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shock is propagated to the plate and results in the pressure peak at
s D 0:7RN .

A general point deduced from the preceding cases is that maxi-
mum pressure on an inclined plate can be considerablyhigher than
that on a perpendicularplate: the largest pressure can be 70% above
the perpendicularplate value. The main reason is the outsidemove-
ment of the stagnation streamline into the upper-tail shock-� ow
region.

For cases zNP D 2DN , PR D 2, the comparison of the pressure
distributions in the plane of symmetry are shown for various values
of µ in Fig. 7, and Mach-number contours are depicted in Fig. 8.
Overall, the agreement between present simulation and experimen-

a) Plate angle = 90 deg

b) Plate angle = 80 deg

c) Plate angle = 70 deg

d) Plate angle = 55 deg

e) Plate angle = 35 deg

f) Plate angle = 30 deg

Fig. 7 Comparison of plate pressure distributions for zNP = 2DN and PR = 2.

tal data3 is also good. The discrepancy lies mainly in the second
maximum pressure magnitude (see in Figs. 7c and 7f), probably
caused by insuf� cient grid resolution around the lower triple shock
point.

As µ decreases, the changes in shock pattern follow the same se-
quence as for the PR D 1:2 cases: the stagnationstreamline remains
within the inner � ow until µ D 70 deg, when it moves to the upper-
tail � ow. The main differencesoccurs when µ D 30 deg. The second
peak has formed, and its location has moved to about s D 0 (down-
ward from the location of the pressure hump in the PR D 1:2 case).
This � nding implies that the intermediate-tail shock has reached
the plate earlier than the PR D 1:2 case, which seems reasonable,
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a) Plate angle = 85 deg

b) Plate angle = 55 deg

c) Plate angle = 35 deg

d) Plate angle = 30 deg

Fig. 8 Comparison of symmetry plate Mach-number contours for zNP = 2DN and PR = 2.

a) Plate angle = 45 deg b) Plate angle = 30 deg

Fig. 9 Comparison of plate pressure distributions for zNP = 3DN and PR = 1.2.
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a) Plate angle = 45 deg b) Plate angle = 30 deg

Fig. 10 Comparison of symmetry plate Mach-number contours for zNP = 3DN and PR = 1.2.

a) Plate angle = 45 deg b) Plate angle = 30 deg

Fig. 11 Comparison of plate pressure distributions for zNP = 3DN and PR = 2.

because the shock in the higher-pressurecase is much stronger than
in the lower-pressure case. The Mach contour plots of the PR D 2
cases, shown in Figs. 8c and 8d, clearly show the shock structure
difference from those of the PR D 1:2 cases.

For cases zNP D 3DN , PR D 1:2, the pressure distributions in the
plane of symmetry are shown for only µ D 30 and 45 deg in Fig. 9.
Because of the higher computationalcost for larger nozzle-to-plate
distances,only these two caseshavebeenstudied.Overall, the agree-
mentbetweenpresentsimulationandexperimentaldata3 is relatively
good. The discrepancy between the CHEM simulation and experi-
mental measurement lies in the � rst maximum pressure magnitude
and location. The second maximum pressure, however, is matched
very well. This implies that grid resolution should be increased to
fully capture the � ow� eld around the upper triple point. The un-
steadiness and boundary conditions may play a bigger role in the
discrepancy as nozzle to plate distance increases.

In Fig. 9 the second peak pressure located around a negative
s is an indication of a wave, which is the tail shock of a three-
shock con� uence point explained in Ref. 3. The good match around
the second peak between the CHEM simulation and experimental
measurement suggests that the shock structureof that region is well
captured in the CHEM simulation.

The Mach contour plot of the µ D 45 deg case in Fig. 10a shows
that a Mach disk forms. In the preceding cases with zNP D 2DN ,
however, the platewas close enoughto push the Mach disk upstream
to form a plate shock instead.

For cases zNP D 3D N , PR D 2, the pressure distributions in the
plane of symmetry are shown for µ D 30 and 45 deg in Fig. 11. The
simulation results for the µ D 45 deg case show much higher peak
value than the experimental data. From the Mach contour plot at
µ D 45 deg, shown in Fig. 12a, one can see that a secondary triple
point occurs right below the upper triple point. The secondary triple
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a) Plate angle = 45 deg b) Plate angle = 30 deg

Fig. 12 Comparison of symmetry plate Mach-number contours for zNP = 3DN and PR = 2.

Fig. 13 Comparisonwith experimental shadowgraphsby Lamontand
Hunt3; zNP = 2DN , PR = 2, and plate angle= 55 deg. The CHEM simula-
tion shadowgraph result is shown by plotting log of density gradients.

point is so close to the plate that it causes a very large pressure on
the plate. The present simulation neglects viscosity effects, which
is a valid assumption in most cases and saves computational cost,
but when the triple point is very close to the plate viscosity might
play a very important role in the pressure distribution on the plate
and thus cause the large pressure discrepancy.

Figures 13 and 14 show a comparisonon the symmetry plane be-
tween CHEM simulations and the experimental shadowgraphs for
the cases zNP D 2DN , PR D 2, and plate angle µ D 55 and 30 deg,
respectively.The shock patterns and locations, including jet shock,
upper triple point, lower triple point, plate shock, and lower plate
shock, are all matched very well. The CHEM result is missing the
straight shock line above the curved plane shock shown in the shad-
owgraph: the reason is that the shadowgraphis not a pure symmetry
plane picture but a three-dimensional � ow� eld projection on the
symmetry plane.

Fig. 14 Comparisonwith experimental shadowgraphsby Lamontand
Hunt3; zNP = 2DN , PR = 2, and plate angle= 30 deg. The CHEM simula-
tion shadowgraph result is shown by plotting log of density gradients.

Conclusions
The numerical simulation of jet impingement with varied angles

shows goodagreementwith experimentalmeasurementsin terms of
plate pressuredistribution.In general, the simulation results exhibit
the same shock patterns as the experimental shadowgraphs.

As the jet impinges on an inclined plate, the creation of complex
shock waves in the � ow can cause one or two peak pressures on an
inclinedplate, their values exceeding those on a perpendicularplate
by large amounts.A recirculationbubblesometimes is present in the
90-degplate results,but itdisappearsas theplatebecomesinclinedto
less than 85 deg. The � ow� eld is mainly shockdominated, although
in certain cases, when the triple point is very close to the plate,
viscosity can play an important role.
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The current study has shown that the CHEM simulation results
have been qualitatively consistent with experimental data and in
many cases also in good quantitative agreement. With further re-
� nement and validation CHEM can be used as a reliable tool for
rocket plume and environment interaction studies.
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